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The exact symbolic solution of the Bloch equations is given in the Lagrange form and illustrated with R,
experiments using a Hahn echo. Two different methods are also applied to approximately solve the Bloch
equations, we find that splittings with effective-field interpretations are very substantially better than
other approximations by comparing the errors. Estimates of transverse relaxation, R,, from Hahn echos
are effected by frequency offset and field inhomogeneity. We use exact solutions of the Bloch equations
and simulations to quantify both effects, and find that even in the presence of expected B, inhomogene-
ity, off-resonance effects can be removed from R, measurements, when ||| < 0.5yB4, by fitting the exact
solutions of the Bloch equations. Further, the experiments and simulations show that the fitting models
with the exact solutions of the Bloch equations do not depend on the sampling density and delay times.
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1. Introduction

Pulse sequences are the core of modern NMR. These consist of
bursts of radiofrequency (rf) irradiation (pulses) followed by peri-
ods of free evolution (delays) [1-3]. Sophisticated combinations of
these manipulations allow us to extract almost all possible infor-
mation about a spin system. For most spin systems, the static en-
ergy levels are well-understood, so it is their evolution in time
during a pulse sequence that most interests us. In order for us to
understand current experiments and design new ones, we need
accurate theoretical descriptions of the dynamics of a spin system.
The projection operator formalism has been applied to treat mo-
tion in quantum mechanics by Lowdin [4], and some solutions of
the density matrix evolution in closed analytical form have been
expressed in the polynomial expressions of exponential operators
using the projection operator formalism [5]. In this paper we con-
centrate on the simplest example, the spin-} system and provide a
full and exact solution. This system is described by the well-known
Bloch equations, which contain the effects of precession, rf irradi-
ation and relaxation [6-10]. Under some simplifying approxima-
tions, solutions to these equations are well-known, but the full
and exact solution is not trivial [11-15]. We apply some method-
ology to work on the matrix form to provide a solution which is
more in keeping with current theory, and which can easily be ex-
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tended to more complex systems as the projection operator for-
malism does [5].

The paper is organized as the following. The Section (1)
discusses the challenges of symbolically solving the Bloch equa-
tions, particularly, by the eigen-decomposition method. The
Section (2) gives the full algebraic solution of the Bloch equations
using the Lagrange interpolation. This method can avoid the prob-
lem in computing the inverse of eigenvectors which is discussed in
this section. The explicit solution of the Bloch equations is still un-
wieldy, we present two ways to approximate the solution of the
Bloch equations in Section (3) including approximate eigenvalues
and split-operator methods. Because the operator splittings are
not unique, we show that splittings with effective-field rotations
are better than other approximations by comparing the errors.
Then we illustrate the computation of the Hahn echo by applying
these exact and approximate solutions of the Bloch equations in
Section (4). At last, we demonstrate improvements of measured
R, by applying the exact solution of the Bloch equations to fit the
experiments of the Hahn echo in Section (5). The appendixes show
the theorems we apply in this paper, solutions of free evolution,
the special case R; =R, of the Bloch equations, and some results
of calculations of the Hahn echo.

The most powerful approximation in spin dynamics is to ignore
relaxation, or at least to restrict it to operating only during delays.
This is slightly stronger than the common assumption of hard
pulses. An rf pulse is hard if the rf terms dominate all other inter-
actions, such as off-resonance effects and relaxation. With this
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approximation, a pulse becomes equivalent to a rotation of the
frame of reference, whose effect is relatively easy to calculate. In
the standard product operator formalism [16,17], this is done by
exploiting the simple commutator rules for a spin-}. This hard
pulse approximation implies the pulse is instantaneous, so there
is no time for evolution or relaxation to occur. With these approx-
imations we can understand the vast majority of pulse NMR
experiments.

Significant discrepancies arise, however, when numerically sim-
ulating experiments involving modern high-field magnets and cold
probes. In high-field magnets offset effects can be significant, since
the evolution frequencies at the edges of a spectrum can be com-
parable to the rf magnetic field in frequency units. Modern cold
probes give excellent sensitivity, but are often restricted in the
peak power they will tolerate. Relaxation, in normal practice, can
safely be ignored during a single pulse, since the pulse durations
are tens of microseconds. However, many dynamic experiments
rely on measurements of R, either by Ry, or by CPMG methods.
In these cases, significant relaxation may occur during the total
time the rf is on [18,19]. In order to deal with these imperfections,
a number of approaches are available.

If the pulse is relatively long and weak, but relaxation can be ig-
nored, then the behaviour of a single line is well-described by rota-
tion about an effective magnetic field which is not in the xy plane
[20-23]. If we use this as our mathematical model, then a slightly
more complicated analysis of a simple experiment will work. Alter-
natively, we can design more sophisticated composite or shaped
pulses which compensate for off-resonance effects [24-29]. In this
case, a more complicated experiment will lead to a simpler analy-
sis of the data. In this work, we study the former case, with the
simple experiment and the complicated analysis.

We restrict the calculation to a single line NMR spectrum, with-
out any time-dependent terms in the Hamiltonian. The full
description in this case is given by the Bloch equations (Eq. (1))
[7]. These equations contain a number of terms to describe the
evolution and relaxation of the spin system itself and to describe
the interaction with the rf field. The solution we offer here must
be equivalent to the Laplace transform solution [11], since both
are exact. This newer solution is phrased in terms of propagators
and explicit time dependence. In this way, it fits in with the com-
mon ways of working with pulse sequences. Moreover, the method
is entirely general and can be extended to larger systems.

M, o 1
a - —wM, + yB; sin ¢M, — T—ZMX (1a)
aM, X 1
T_a)Mx— yB1 cos¢>MZ—T—2My (1b)
d(Iivtlz = —7yBy sin My + yB; cos oM, —Tl(MZ -1) (1c)
1

In these equations, where w is the resonance offset, y is the gyro-
magnetic ratio, B; is the strength of the rf pulse (we suppose
yB1 = 0 in this paper), ¢ is the phase of the rf field with respect
to the x axis, Ty is the longitudinal relaxation time, and T, is the
transverse relaxation time.

There are a number of familiar solutions to these equations in
special cases. The first one is the steady-state solution, which
was needed to explain continuous-wave NMR. The time derivatives
are set to zero and we solve for the steady-state magnetizations
[9,30]. In pulsed NMR, if we have free precession (the rf term is
zero), then the x and y magnetizations oscillate at the Larmor fre-
quency and relax at a rate of 1/T, and the z magnetization relaxes
back to its non-zero equilibrium value with a rate of 1/T;. If we
have a long T, the change in the z magnetization is small. We
can often treat the spin-lattice relaxation such that the z magneti-
zation relaxes to zero, rather than a non-zero value, further simpli-

fying the calculations. Under these conditions, we are solving a set
of 3 x 3 matrix equations.

In order to treat the z magnetizations properly, we first convert
the Bloch equations to a homogeneous form [31,32]:

M, - ) PBising 0\ /M,
d| My, | ) -4 —yBicosé O [[ M,
(™M, | —yBysing  B; cos ¢ -+ + M,
M. 0 0 0 0/ \Me

where M, is the equilibrium z magnetization which can be set as a
constant number 1. In order to simplify the notations, in the follow-
ing sections, we define by = yB1, Ry = Tl—], R, =L, A to be the coeffi-
cient matrix and M the vector (Mx,My,MZ,ME)T, where T means
transpose. The matrix A can be seen as a sum of three matrices
which respectively represent the Larmor precession (€2), the rf field

(yB1) and the relaxation (R),

A=Q+79B; +R 3)
with
0 —-w 00
0O 0O
=10 0 00 (4a)
0 0 0O
0 0 bysing 0
0 0 —bicos¢ 0O
B, = 4b
bt (blsingb by cos ¢ 0 0 (4b)
0 0 0 0

-R, O 0 0

0 0 -R R
0 0 0 O
Then the Bloch equations can be written as
dM(t)
dt
These equations form a system of first-order differential equations,
so if the matrix A is constant in a time interval, they have an analyt-

ical solution in terms of the exponential of the matrix with the gi-
ven initial states [33-37],

M(t) = e*M(0) (6)

=A-M(t) ()

For simple cases it is straightforward to compute a symbolic solu-
tion, but the full case offers some challenges. A standard and gen-
eral way of calculating a matrix exponential is to first obtain the
eigenvalues and eigenvectors of the matrix,

A=UAU" (7)

where A is a diagonal matrix which represents the eigenvalues and
the jth column of U is the vector of eigenvectors corresponding to
the jth diagonal element of A. The matrix of eigenvectors of the ori-
ginal matrix also diagonalizes the exponential of the matrix,

eA[ — UeA[U*l (8)

Provided the original matrix is Hermitian, this is simple because the
inverse of the matrix U is the conjugate transpose of the matrix U.
Relaxation (which destroys the Hermitian character) can be approx-
imated afterwards, provided the terms are small.

The full homogeneous Bloch equations are not Hermitian. This
means that both the eigenvalues and eigenvectors may be complex
numbers. For the eigenvalues, this is clearly appropriate, since the
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imaginary part of the exponential gives the oscillation and the real
part gives the decay. A similar situation occurs in chemical ex-
change calculations [38-40]. The exact eigenvalues are relatively
simple to obtain. They are the roots of the characteristic polyno-
mial associated with the matrix A, which is

pa(2) = det(A — 2)
= (f + (Ry +2Ry) 22 4 (? + b3 + (2R; + Ry)Ry)
+ (b?Rz + Ry + R1R§)>2 9)

Clearly, one eigenvalue is zero, and the other three eigenvalues are
the roots of the cubic polynomial which is the same as Eq. (12) of
[12] and Eq. (21) of [14]. The formula for the roots of a cubic poly-
nomial is not trivial, but is readily available [41]. [12,14] also give
the roots of this specific cubic polynomial. In our computation,
the eigenvalues of the matrix A are directly given by the Maple'
function Eigenvalues which are the same as solving pa(4) = 0 by the
Maple function solve. If relaxation dominates and the spin is on-res-
onance, the cubic polynomial has three real roots, but the more com-
mon case, when (R; — Rz)2 < 4bf (the quadratic term in the cubic is
small), the cubic polynomial has one real root and two other conju-
gate complex roots. In the simplest case, the real root is —R; and the
two complex roots are the two counter-rotating xy magnetizations
which relax as —R,. A more complete discussion of the roots of a gen-
eral cubic polynomial can be found in [41].

To complete the calculation Eq. (8), we also need the eigenvec-
tors. This is more difficult, since not only are the eigenvectors com-
plex-valued, but there is a distinction between left and right
eigenvectors [42]. For the Hermitian case, the inverse of the trans-
formation defined by the eigenvectors is just its adjoint, the com-
plex conjugate transpose. For the non-Hermitian Bloch equations,
we must calculate the inverse explicitly. A computer algebra pro-
gram such as Maple can calculate the roots symbolically and the
eigenvectors. The inverse can be computed, but the expressions
are unmanageable. A different approach to the matrix exponential
is needed.

In the next section, we will show that for these four equations,
the exponential can be exactly expressed as a sum of four products
of matrices—no inverses are needed. We still need the eigenvalues,
but they are available from the characteristic polynomial (Eq. (9)).
This combination gives us an exact symbolic solution of the full set
of Bloch equations, including all the terms.

2. The exact symbolic solution of the Bloch equations

We concentrate on the generalized Bloch equations with all
terms, which is equivalent to including evolution and relaxation
in a pulse. A hard pulse assumes that the offset and relaxation rates
are ignored in the Bloch equations which means € and R are set to
0. This assumption makes the matrix A of a hard pulse equivalent
to an infinitesimal rotation. Its symbolic exponential is therefore a
full rotation matrix. When the evolution is free, we delete the rf
terms in the matrix A (setting yB; to be 0) and the exponential
of the matrix A is easily calculated, particularly if the relaxation
terms are small. In this subsection, we will concentrate on comput-
ing the exact symbolic solution of eA?, where A has all of these
terms.

Formally, the exponential of a matrix can be defined as its con-
vergent Taylor series [34,36], but this is a poor method of calcula-
tion. Moler and van Loan discuss a number of better approaches,
including approximation theory, eigen decompositions, differential
equations, and the matrix characteristic polynomial to compute
the exponential of a matrix [34], but not all of them can be applied

1 http://www.maplesoft.com.

to compute a symbolic solution of the exponential of a matrix in
general, and the usefulness of the solution varies. For example,
the eigen-decomposition method which was used to compute
the symbolic exponential of a 16-by-16 Liouvillian matrix for eval-
uating the spin echo of a coupled-spin system [43], can be applied
to solve the Bloch equations symbolically, but the solution is
unmanageably large. Although the dimension of the matrix is only
4-by-4 its non-Hermitian character makes the left- and right-
eigenvectors much more complicated, for example, the result of
Maple’s MatrixExponential is 11.2 Megabytes.

Instead of working with the eigen decomposition, we apply the
Lagrange interpolation method [37] which can be seen as applying
the projection operator formalism to compute an exponential in
the matrix form [4,5]. For a finite matrix, this gives an exact
expression of the matrix exponential, but only the eigenvalues
are needed. These are more accessible since they are roots of the
matrix characteristic polynomial as Eq. (9).

The vector of the eigenvalues of the matrix A which are ob-
tained by solving the equation pa(4) = 0 (Eq. (9)) is

A1
2
= 10
=1 (10)
4
and
E,
I =E1/6- 622~ 1/3R —2/3R; (11a)
1
Ay =Uy + iU3 (11'3)
3 =1y —iU3 (]1C)
4 =0 (11d)
in which

1/3
Ei= (78(R1 - RZ)(ga)z + (R — Rz)z) +36(Ry — Rz)b% + ]2\/E?>

(12a)
E zl(wz +b2) LR Ry (12b)
3 )79
3
E3 = 12(b§ +w2) +24(R, - Ry)? (w2 —#glﬁ)
x (a)2 —S_Zﬁb$> +12(Ry — Ry)*o? (12¢)
_ E 3E R 2R
L=-1tE "33 (12d)
V3 (E  _E
Uz _7<€+6E—]> (12e)

are real numbers, and i = v—1. We see that the eigenvalue /; is a
real number, /,3 are complex conjugates (u; * ius3), and /4 is 0.

As long as the eigenvalues of the matrix A are distinct (Eq. (10)),
according to Theorem 6.1, we have

A(A — Jo0)(A - Js]) A(A — 1I)(A - J3])
Jn (i1 — J2) (31 — 3) 92(ia — 31)(da — 13)
AA— DA = Jol)  (A—iD)(A - JI)(A - Js])
J3(i3 — 1) (J3 — 2) il

= eM'Ly(A) + 'Ly (A) + €Ly (A) + Ly(A) (14)

ot

oAt _ ot

et

(13)

where I is a 4 x 4 identity matrix, the notation = indicates that (14)
serves to define L;(A), Ly(A), L3(A), and L4(A), the Lagrange


http://www.maplesoft.com

230 A.D. Bain et al./Journal of Magnetic Resonance 206 (2010) 227-240

interpolation coefficients which are called projection operators or
projectors in [4,5].

The solution of e’ can be seen as a sum of three matrices with
entries of real numbers: one matrix e*‘L; (A)with decay e*‘, and
one matrix e”'Ly(A)+ e”'L;(A) with decay e*! and oscillation
terms cos(ust), sin(ust), and the constant matrix L4(A). This tells
that during a square pulse, the magnetization, for example, M,,
has the following form:

My (t) = c1e”" + (ca sin(ust) + c3 cos(ust))e" + ¢4 (15)

where ¢; (j=1---4) are independent of the time ¢, but depend on the
spin system, the initial state, the strength and phase of the rf field.
This form of the solution of the Bloch equations has been displayed
in [11]. Furthermore, Eq. (15) tells us that even if t > T,, the trans-
verse magnetization may not fall to 0 and the value will be c4, which
has been observed in [44]. The oscillations of Eq. (15) are sup-
pressed or cancelled out if there are three real roots of pa(1)=0
which are equivalent to the conditions discussed by Torrey [11].

Eq. (13) is the exact algebraic solution of the Bloch equations
and will be referred to as Model 0 in this paper. Substituting . from
Egs. (10)-(12) into Eq. (13) and expanding the multiplication of
matrices yeilds an explicit solution which is still inconvenient to
work with. Partial substitution, maintaining i, uy, us, Eq, E; and
E3 as named subexpressions (unsubstituted variables) results in a
manageable expression.

It is easy to verify that Eq. (13) is also the solution of the free
evolution when setting b; to 0 in the matrix A and Egs. (10)-(12)
(see Appendix B). We cannot simply set w, R; and R, of the matrix
A to be zero to get the solution of a hard pulse by Eq. (13) because
the eigenvalues are not distinct, but the solution of a hard pulse
has been widely known as a rotation matrix. In fact, for these
two cases, the solutions can be directly obtained using simpler
methods.

When R; is equal to R,, the eigenvalues of the matrix A are sim-
ple, and the explicit symbolic solution of e*’ by expanding the La-
grange interpolations is completely demonstrated in Appendix C.
Setting R; =R, in Eq. (10) gives the first-order approximation of
the eigenvalues with respect to the ratio R;/R, evaluated at R,/
R, =1, thus the solution of the case of R; =R, also can be seen as
a first-order approximation of the general solution of the Bloch
equations, which will be discussed in the next section. In the
Ry =R, case, even if yBy is time-varying, the solution of the Bloch
equations also can be expressed in a simple way [45].

We can reduce the complexity of the solution by making
approximations. Two different methods are displayed in the next
section. One method is to use exact solutions corresponding to
approximate eigenvalues, another way is to apply the split-opera-
tor method to compute the exponential of a matrix.

3. Approximate solutions of the Bloch equations
3.1. Approximate solutions via approximate eigenvalues

The preceding section gives a method to exactly solve the Bloch
equations, but it is difficult to manipulate the general solution if
intermediate variables are not used. The first- and second-order
approximations of eigenvalues can be applied to calculate approx-
imations of the solution of the Bloch equations by substituting /
with Eqgs. (17) and (18) into Eq. (13), respectively. These approxi-
mations have simpler expressions than the exact solution, but it
may be still a challenge to observe interactions between magneti-
zation, spin systems and pulses [11].

Because R; < R; for all spins, supposing R; = uR,, 0 < u < 1, thus
0 <1 - u<1.The second-order Taylor series of /4, u; and us with
respect to u evaluated at u=1 are

(,!)2R2 2
i~ =Ry —— (=1 +0(u—-1)9) (16a)
by + w?
biR, )
Uy~ —Ry, —1/2— (L—1)+0((u—1)% (16b)
by + w?
us ~ \/b? + w2 +0((u—1)%) (16¢)

Egs. (16a) and (16b) correspond to Egs. (8) and (9) of [11], and they
are used as —R;, [46] and —R;,, [47], respectively. In fact, Eqs. (11a)
and (12d) should be exact expressions of —R;, and —R;,,.

These give us the first-order approximation of the eigenvalues

- R

—Ry +iy/b% + w?

RS (17)

—Ry —iy/b? + w?

0

and the second-order approximation of the eigenvalues

bf R W? R
b3+ 2 2 bl +? 1
b2+202

b? )12 5
e _2(b§+w2)R2 - 2(b§+w2)R1 +iybi+w (18)
_ b420?

b? . )12 5
2(b§+w2)R2 2(b%+<uZ)R1 iyby +o

0

with respect to the ratio R;/R, evaluated at R{/R, = 1. We see that
the second-order approximation of 7; is the same as —R;, given
by Eq. (1) of [46].

Commonly, R is much smaller than R, so we simply set R; = 0 in
the eigenvalues, and set R, = 5by, then the Taylor series of 1, i, and
uz with respect to é evaluated at §=0 is

b3
YR — R N § [ 19a
= () (19a)
b1<bf+2w2)
Uy~ —1/2—5——235+0(5) (19b)
by + w?
uz ~ \/b} + w? + 0(?) (19¢)

and the eigenvalues can be approximated as

2
bR,
b 2

(B3 +20?)Ry | : [12
. 71/2W+u/b1 +? 20)
2
71/2%71\/& + @2

0

which can be obtained from Eq. (18) by setting Ry = 0.
If we set R; = 0 and R, = fw, we get the Taylor series of 1, u, and
uz with respect to 8 evaluated at $=0 as

wh?

IR 7 +;)2ﬁ+0([53) (21a)
w(bf +2w2)
U~ —1/2— B+0(8) (21b)
by + w?
us ~ \/b? + @? + O(B?) (21¢)

and the approximate eigenvalues are the same as Eq. (20).

Eq. (15) demonstrates that the magnetization within a square
pulse is a combined decay rather than a single decay, but the
first-order approximations of the eigenvalues (Eq. (17)) display
that the magnetization during a square pulse mostly is affected
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by the effective rf field y/ bf + w? while the decay rate is approxi-
mate to R,. The second-order approximation of the eigenvalues
(Eq. (18)) clearly shows how the decay rates during a square pulse
are influenced by the rf field and the offset.

3.2. Approximate solutions via split-operators

In this subsection, we compute e?’ using the split-operator
method and explore its implications to understanding soft pulses.
When X and Y do not commute (i.e. [X,Y]=X-Y-Y -X#0),
eXE 2 eXteYt Byt understanding the quality of this approxima-
tion and the nature of the error is still instructive. This approach
has been applied in quantum mechanics [48,49] and in discussions
of excitation pulses [23].

In the following, we compute the approximations of e by
applying the second-order split-operator approximation of e**¥)
[48] which is
XAVt p(t/DX (DY p(t/2X (22)

Since it is a sum of three matrices €2, yB; and R, the matrix A can be
split into three combinations as a sum X +Y,

A= (Q+R)+yB; (23a)
= (Q+7yB;)+R (23b)
—Q+ (yB, +R) (23¢)

Eq. (22) shows that we have two approximations if we change the
order of X and Y. So there are six approximate solutions of the Bloch
equations by the second-order split-operator method,

A= (Q+R)+7yB;

=X +Y; (Model 1) (24a)
A=7vB, +(Q+R)

=X +Y, (Model 2) (24b)
A=R+ (Q+7yBy)

=X3+Y3; (Model 3) (24c)
A=(Q+7yB;)+R

=Xs+Yy (Model 4) (24d)
A=Q+ (yB; +R)

=Xs5+Ys (Model 5) (24e)
A= (yB; +R) +Q

=X +Ys (Model 6) (24f)

Note that X1=Y3,Y1=X5,X3=Y, Y3=X4, X5=Y5, and Ys5 =X, but
substituting them into Eq. (22) will give different approximations of
eA’. All of the exponentials of these split matrices tX;, tY; (j from 1 to
6) can be easily calculated by classical methods, then Eq. (22) is ap-
plied to compute e’ Error analysis shows that Model 5 is close to
Model 1, and Model 6 is close to Model 2, so in the following, we
will not analyse Models 5 and 6.

Calculating these approximations of e’ can be seen as dealing
with a soft pulse as different pseudo-pulse sequences. Without loss
of generality, a soft 7 pulse is used in the Hahn echo to illustrate
these split-operators which are shown in Fig. 4.

If the spin is on-resonance, i.e. @ =0, Model 1 will be the same
as Model 3, and Model 2 will be the same as Model 4. Suzuki has
shown that the error of the approximation e(f2Xe(0¥e(t/2X of
eX*Y is bounded and the upper bound can be computed by Theo-
rem 6.2 [49]. Comparing expressions and upper bounds of errors
(not shown), when all of offsets and relaxation rates are smaller
than the amplitude of the pulse then, in general, the error bounds
improve in the order: Model 1, Model 2, Model 3, Model 4, but
expression complexity goes up in the same order. Figs. 1 and 2
demonstrate relative errors of approximations of a soft w pulse
against the ratio of the offset over the amplitude of the pulse for

1.8
1.6
1.4
1.2

error

0.8
0.6
0.4

231

0.2 Model 1 m—
Model 2 sesununs
0 ‘ ‘ ‘ ‘ ‘ )
2 15 -1 05 0 0.5 1 15 2
w/bl
0.0024 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0.0023 | . R |
’ ' 1 \
0.0022 | \ 1
1 1 \
0.0021 | ' - m e e -~ v
“__‘.-..----‘.--4...,_.“"“.“““““,....--_:---....,_...h
0.002 =™ )
g ! !
= 0.0019 |, '
0.0018 | 1 v
1 1
0.0017 | ,
1 1
0.0016 [, |
0.0015 f Model 3 - - \
0.0014 ) ) ) ‘ ‘ Mod‘e] 4 -u‘u-u
245 a1 05 0 05 1 15 2

w/bl

Fig. 1. Comparing relative errors of different approximations. The relative errors
are calculated as [|eX™V)t — eltI2X(Opt12)X ||, 1) XYV ) the x axis is the ratio of offset
to pulse amplitude (when both are measured in Hz). The numerical computation
uses the dimensionless parameters, b1 = 2000 Hz, t, = 1/(2b1), ¢ = 0, R,/b; = 0.01, Ry/
R, = 0.2. The figures show that if the absolute value of the offset is smaller than the
amplitude of the pulse, the relative errors of Model 3 and Model 4 are much smaller
than errors of Model 1 and Model 2. The large error of Models 1 and 2 are mainly
due to the fact that z magnetization are poorly described.

given numerical relaxation parameters. The figures show that er-
rors of Model 3 and Model 4 (where rotation is around the effective
field) are much smaller than errors of Model 1 and Model 2 (in
which the rotation axis is in the xy plane). The errors of Model 1
and Model 2 increase rapidly with the ratio of ||w/yB;| being al-
most linear on the interval [-1,1], while the errors of Model 3
and Model 4 are smooth and bounded in this interval. The differ-
ence of errors of Model 3 and Model 4 is very small when the offset
is smaller than the amplitude of the pulse. Splitting the matrix A
into the effective rotation field and relaxation terms provides a
good approximation to a soft pulse when the relaxation ratios
are much smaller than the amplitude of the pulse.

4. Computation of experiments of the Hahn echo

In this section, we will apply the exact and approximate solu-
tions of the Bloch equations to explore effects of a soft echo pulse
on the transverse magnetization. Fig. 3 shows the pulse sequence
of the Hahn echo experiments [50]. We will concentrate on inves-
tigating soft echo pulses, so in the simulations and experiments of
Hahn echo experiments, the excitation 7t/2 pulse is approximated
by a hard pulse along with the y axis, this means the magnetization
vector after the excitation pulse is Mg =[1,0,0,1]". Therefore, the
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Fig. 2. Comparing relative errors of different approximations. Labels are the same
as in Fig. 1. The range of pulse amplitude/offset (on the x axis) is restricted to —0.2
to 0.2. This figure demonstrates that even for offsets close to on-resonance, the
errors of Model 1 and Model 2 are much bigger than errors of Model 3 and Model 4.

Fig. 3. The pulse sequence of the Hahn echo experiments. Without loss of
generality, the excitation 7/2 pulse is set as a hard pulse along with the y axis.
The delay time between the excitation pulse and the echo pulse is 7. The length of
the soft m pulse is t, and the phase cycling scheme of #x is applied in our
experiments and simulations.

magnetization or the intensity at the beginning of the acquistion is

a function of seven variables: 1, t,, by, W, ¢, Ry and R,. The compli-

cated behaviour of the function can be seen from Figs. 6 and 7.
The magnetization at the end of the evolution is computed by

M, = Exp(Asp) - EXp(A,) - EXp(App) - Mo (25)

where EXp(App) (Eq. (B.2)) represents the effective matrix of the
free evolution, Exp(A;) the effective matrix of a 7 pulse, which
can be the exact solution or approximate solutions of the soft 7«
pulse.

If phase cycling is applied in the experiment, the effective ma-
trix Exp(A,) will be the average of the effective matrices for all
phases. Egs. (C.5) and (D.1) show that phase cycling of +x can be
used to make the constant term c4 of Eq. (15) zero and ¢y, ¢; and

c; independent of the z magnetization which means that the effect
of the longitudinal magnetization on the transverse magnetization
within a square pulse is eliminated, see also [51,52], this may be
helpful to improve the sensitivity of the spectra [53] and the accu-
racy of the measurements of R; and R, by 5-15% over the case
where the constant term is not included in the data analysis [51],
and complete the coherence selection [54].

In Appendix D, M, is calculated with phase cycling or different
phases with exact and approximate solutions of the Bloch equa-
tions. In order to simplify the notations, Model 0 will also be used
to represent the exact solution of the Hahn echo with the exact
symbolic solution of the Bloch equations of a square pulse, Models
1-4 represent approximate solutions of the Hahn echo with
approximate solutions of the Bloch equations of a square pulse
which are computed by Eq. (22) with four different operator spli-
tings (Eqs. (24a)-(24d)) which can be seen as four different pseu-
do-pulse sequences (Fig. 4), respectively.

Generally, the explicit expression of the magnetization M, with
respect to the offset, true Ry and R,, delay time, the pulse length,
the phase of the pulse, and the amplitude of the pulse can be ob-
tained by substituting the explicit expression of the effective ma-
trix of a soft m pulse (Eq. (14)) into Eq. (25). As we said before,
this explicit expression of M, will be huge even with the phase cy-
cling. The implicit symbolic expressions of the transverse magneti-
zation of the Hahn echo of a phase cycle of 7 pulses are given by Eq.
(D.3).

Model 1 approximation can be seen as an echo experiment of
delay (7 + tp/2) of using a hard = pulse, thus, the transverse magne-
tization given by this approximation at the beginning of the acqui-
sition will be along with the x axis and its value will be partial of
e R(2+%) Mathematically, we could say this approximation is the
first-order approximation of the Hahn echo of a soft echo pulse
with respect to the offset at the on-resonance.

In Model 2 approximation, a soft 7 pulse is approximated by
two hard m/2 pulses and a free evolution between the two 7/2

Model 1

T
2

‘ ’ Model 2

t, Model 4

Fig. 4. The approximations of the Hahn echo. The black rectangles represent hard
pulses, the hatching rectangles represent effective rotations. In Model 1, the soft
echo 7 pulse is approximated by a hard 7 pulse with two delays of t,/2; in Model 2,
the soft echo 7 pulse is approximated by two 7/2 hard pulses with a delay t,; in
Model 3, the soft echo © pulse is approximated by an effective rotation of

t,,\/bf + w? with two on-resonance delays of t,/2; in Model 4, the soft echo 7 pulse

is approximated by two effective rotations of %"a/bf + w? with one on-resonance
delay of t,.



A.D. Bain et al./Journal of Magnetic Resonance 206 (2010) 227-240 233

pulses. If spins are not on-resonance, this approximation tells us
that spins will not refocus on the x axis. The magnetization before
the acquisition is easy to compute because the effect of a hard
pulse is equivalent to a rotation matrix. Appendix D.2 displays
expressions of the transverse magnetizations of approximations
of Model 2 with different phases of the echo pulses. As we see from
Figs. 1 and 2, Models 1 and 2 approximate the Hahn echo well
when the offset is negligible compared to the amplitude of the
echo pulse.

Model 3 approximation is similar to Model 1 approximation ex-
cept that it uses the effective rotation field. This model shows the
effect of offsets during a 7 pulse. Egs. (D.11), (D.13) and (D.14) give
the explicit solutions of effective rotations during a finite pulse of
different phases. The calculation shows that the expressions of
the transverse magnetization given by Model 3 are the explicit ex-
act solution of the Hahn echo of the case R; = R, when the phase
cycling of +x is applied.

Based on the computation of Model 3, the approximation of
Model 4 is easily computed (see Appendix D.4). Basically, the error
of this approximation is a little smaller than the one of Model 3
when the offset is smaller than the amplitude of the echo pulse
(see Figs. 1 and 2), but the expressions of the transverse magneti-
zation are more complicated than the solutions given by Model 3.

5. Measuring R, by the Hahn echo

Measuring transverse relaxation R, with NMR and MRI is re-
quired to estimate the motion of molecules and other dynamical
investigations [18], but making accurate R, estimates is a challenge
due to the pulse imperfections, offset, delay, B, and B; inhomogene-
ity, etc. The two main methods are the Hahn echo method [50], and
the CPMG pulse sequence [55]. Ideally, they have identical echo
envelopes for viscous samples with negligible diffusion [56].
Although the CPMG method self-corrects for pulse inaccuracy [55],
it is not a trivial matter to eliminate the systematic cumulative er-
rors in the multiple pulse experiments due to other pulse imperfec-
tions [51,52,57-59], even using hard echo pulses, the measured R,
may be unreliableif||w|| > 0.1yB; [51]. Theoretically, in CPMG exper-
iments, the sample needs to start from the equilibrium only once,
but in practice, the sample also needs to return to its equilibrium
condition each time for every measurement. Thus, CPMG experi-
ments may not save experiment time. For these reasons and to sim-
plify the calculations, we restrict our method on the Hahn echo to
measure the transverse relaxation rate in this paper.

Most previous research which analyzed the error of measured
R, focused on the offset effects [51,58,59]. But the use of cryop-
robes, further restricts the amplitude of & pulses, forcing them to
be longer-potentially as long as the delay time between the excita-
tion pulse and the echo pulse [18]. In this new situation, relaxation
must be considered in addition to the effect of offset. Phase cycling
techniques have been applied to correct measurements of R, for
long 7 pulses [18,60]. Because of the difficulty of getting the sym-
bolic solution of Bloch equations, these previous studies used
numerical simulations, rotation matrices or R, to analyze or cor-
rect errors of R,.

Generally, the measurement of R, is obtained by solving the fol-
lowing least-square optimization problem,

Min || Mimeas(t) — Msim (0)[|* (26)

where Meas(t) is the measured amplitude of the transverse magne-
tization at the time point t which is acquired from the experiment,
Msim(t) is the calculated amplitude of the transverse magnetization
at the time point t using one of the models. The amplitude of the

transverse magnetization is defined as \/M? + Mﬁ. We fit the mag-

nitude of the transverse magnetization rather than the x and y com-
ponents separately in order to simplify the optimization problem by
eliminating both the numerical and experimental problems associ-
ated with phase. The objective function in the added phase dimen-
sions would be highly non-convex, with multiple local minima,
introducing a new failure mode for the optimization software.
While using the individual transverse components has, in principle,
the effect of taking an extra average, in practice, various phase er-
rors associated with timing problems need to be corrected, so the
maximum benefit would be less.

In the classical method to fit R,, the fitting function which could
be seen as Model 1 is

M(t) = M(0)e Rt (27)

Because the fitting function (Eq. (27)) does not include effects of
other parameters such as offsets, pulse amplitude, pulse phase,
and Ry, systematic errors of measurements of R, which are associ-
ated with these factors cannot be eliminated. Suppressing these er-
rors of the measurement of R, is very difficult [18,51,52,57-60].
Figs. 1 and 2 show expected errors from Model 1 in excess of 20%
when ||ow/yB4| > 0.1 making R, estimates meaningless [51].

In this section, we replace the function to fit (e *2!) with the ex-
act symbolic solution of the Bloch equations.

If the Hahn echo experiments with n different delay times are
completed, the fitting optimization problem to measure R; is

n
mmz Mmeas(i) - Io\/m
=

where Mpeas(j) is the measured amplitude of the transverse magne-
tization of the delay time t;. My; and M,,; will be calculated by Eq.
(25) in which Exp(A;) is generated by the exact solution of the
Bloch equations.

The fitting optimization problem is usually unconstrained if all
of intermediate variables are substituted. For example, an uncon-
strained optimization problem for the Hahn echo experiment with
echo pulses of a phase cycling of +x can be configured by substitut-
ing Myj, My; and other intermediate variables with Egs. (11), (12),
(D.2) and (D.3) in Eq. (28). In this unconstrained optimization
problem, only Iy and R, are variables, w, by, tp, R, Tj Mmeas(j) are
parameters. To solve this unconstrained problem, a lot of memory
and more time may be required to store and calculate the huge
objective function.

On the other hand, equivalent constrained optimization prob-
lems can be developed to dramatically reduce the size of the objec-
tive function and eliminate the computation of redundant terms so
as to improve the efficiency of solving the problem. For example, if
replacing My; and M, in the optimization problem (28) with Eq.
(D.3), keeping other intermediate variables, making Egs. (11),
(12), and (D.2) as equality constraints, an equivalent constrained
optimization problem to measure R, of applying the Hahn echo
with a phase cycling +x can be constructed.

The fitting problem is extremely nonlinear due to the oscillation.
Despite this, we note that the first- and second-order approxima-
tions of the eigenvalues show that the oscillation is significantly
effected by the offset but not by the relaxation rates, which suggests
that the fitting problem may nevertheless be solvable. This also can
be seen in the fitting function given by Model 3 which shows that R,
appears alone in the exponential function when a phase cycling
scheme is employed (see Eq. (D.12)). These observations are vali-
dated by plotting the contour of the objective function with respect
to Ip and R, (Fig. 5).

Errors in measured R, caused by magnet field inhomogeneities
can be small to moderate and the upper bounds of these errors
may be determined experimentally [61], but because w and b,
are independent parameters in our models, By and B; inhomogene-

2

(28)
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Fig. 5. Contour of the objective function with respect to Iy and R,. The objective
function (without By inhomogeneity) corresponds to fit the experiment of the offset
—503 Hz in Fig. 6. This figure shows that the fitting problem has a solution within
R, €[0,40] and I, € [0,2]. When solving the fitting problem, R, and I, are not given
the upper bound.

ities could be taken into account if the distributions of the inhomo-
geneities are known by experiment [62]. The calculated transverse
magnetization will be the average transverse magnetization com-
puted for different By and B; fields.

In the data analysis, optimization models were written in A
Modeling Language for Mathematical Programming (AMPL?) [63],
and solved using Interior Point OPTimizer (IPOPT?) [64]. All solver
and parameter options were kept constant, including the initial
values.

5.1. Experiments

A series of experiments were performed on a Bruker AVANCE I
500 MHz spectrometer with a Shigemi tube at different tempera-
tures, the sample was cyclohexane and the solvent was CDCls,
the temperatures were adjusted to 280 K or 279 K, in order to ob-
tain an appropriate R,. The amplitude of the echo pulse was equiv-
alent to 500 Hz. The duration of the echo pulse was 0.001 s. The
measured R; was 0.22 s~! at 280 K. Two sets of delay times were
used at two different temperatures, the first set at 280 K had 54 de-
lays of 0.0005 xj (j=1---49) and {0.03,0.04,0.05,0.06,0.5} sec-
onds, the second set at 279 K includes 234 delays of 0.0001 x j
(j=1---100), 0.01+0.001 xj (j=1---90), 0.1000 +0.0001 x j
(j=1---40)and {0.2,0.3,0.4,0.5} seconds. The duration of the exci-
tation pulse was 8.25 ps and the strength of the excitation pulse
was equivalent to 30,300 Hz. A CPMG experiment with high-power
pulses and the signal on-resonance gave an R, which was the same
as the Hahn echo with the signal on-resonance. The phase cycling
of +x of echo pulses was applied in the Hahn echo pulse sequence.
The measured intensities were obtained by the TOPSPIN software.

True R, values are independent of offset, but both of Figs. 6 and
7 show that R, estimates based on measurements vary for large
offsets, and more sampling points do not help to improve the fit-
ting results, so the problem is not related to measurement uncer-
tainty related to the Nyquist sampling criterion for oscillating
signals. After analyzing and numerically simulating the experi-
ments, we find that the dense sampling does not help to improve
the measurements of R,. In fact, only By inhomogeneity can explain
the errors in the R, estimates from our experiments.

In order to analyze effects of the inhomogeneity, the magnetic
field inhomogeneity was estimated by the experiment popt which
is the parameter optimization on Bruker spectrometers. The mea-

2 http://www.ampl.com/; student version 20091101.
3 http://projects.coin-or.org/Ipopt; version: 3.8.1.
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Fig. 6. Fitted curves and measured intensities. The x axis is the delay time 7 in
seconds, the y axis is the intensity, normalized so that the maximum measured
intensity is 1. The triangles are measured intensities, the curves are the result of
fitting Model O (without By inhomogeneity). The experiments were performed at
280 K. The offsets are 0.0, —260, —330, and —503 Hz, the measured R, are
10.46,11.19,12.64, and 18.68 s, respectively. In all cases, R; =0.22 s .
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Fig. 7. Fitted curves and measured intensities, using denser sampling. Labelled as in
Fig. 6. The offsets are 0.0, —273, —341, and —511 Hz, the measured R, are 10.35,
10.73,11.60, and 19.15 s~ !, respectively. In all cases, R; = 0.22 s~! and temperature
279 K.

sured intensity at 810° is approximate to 92% of the intensity at
90° with the initial pulse length 2.5 ps and the increasing step
2.5 us under the equivalent power 30,300 Hz. Normally, B, and
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B, inhomogeneity are correlated, in order to simplify the discus-
sion, we separately simulate By and B; inhomogeneity in the
following.

To simulate the B, inhomogeneity, 15 relative offsets {—4 + 8j/
14} Hz, j from O to 14, with respect to O1 which is a parameter
on Bruker spectrometers to represent the irradiation frequency off-
set for the frequency channel f1 in Hz were chosen, weighted by
the Gaussian distribution e-®-#°/2%) /\/27s* with u=0 and & = 2.
Another way of characterizing this assumption is that the full
width of the relative offset with respect to O1 at the half height
of the Gaussian distribution is 4.7 Hz. The calculated magnetiza-
tion is the sum of the products of the weight and the magnetization
corresponding to the relative offset. With these assumptions, the
predicted intensity at 810° is 95% of the intensity at 90°. Compar-
ing the simulation with inhomogeneity to those without inhomo-
geneity, we have observed that the value of the objective
function, which measures the fit between the model and the mea-
surements, would be reduced by over 30% but the accuracy of the
R, estimate may be improved by 10%. If the B, inhomogeneity is
described more close to the real experiment, the fitting result
may be improved. Fig. 8 displays the results with and without By
inhomogeneity in the models.

Similarly, we simulate the B, inhomogeneity using a combination
of seven rf amplitudes weighted by the Gaussian distribution in
place of each discrete rf pulse. The calculated magnetization is the
sum of the products of the weight and the magnetization corre-
sponding to the rf amplitude. The rf scalers are {0.95,0.97,0.99,
1.0,1.01,1.03,1.05}, the normalized weights which are calculated
by the Gaussian distribution with g =1 and § = 0.023 are {0.024,
0.110,0.236,0.260,0.236,0.110,0.024}. With this approximation of
the B; inhomogeneity, the calculated intensities match the intensi-
ties of the real experiments well. But the effect on the estimated R,
values is not significant, both using real and simulated data.

5.2. Effects of other parameters to the measurements of R,

Since w, by and R; are parameters in the models, their mis-cal-
ibration could also skew our estimates for R,. It is possible, in prin-
ciple, to estimate these effects by computing the first-order
derivates of the intensity with respect to these parameters, but
as previously discussed, the expressions are large, and this ap-
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Fig. 8. Estimated R, as a function of offset, using the first set of delays at 280 K.
Circles are obtained from the model without By inhomogeneity, the cross symbols
are obtained from the model including B, inhomogeneity. The model with the By
inhomogeneity can reduce errors by 10%, giving a reasonable estimate of R, within
the offsets +0.7yB,. Without By inhomogeneity, but using the exact solution of the
Hahn echo, the estimates are still good within ||w| < 0.5yB;, contradicting the
conclusion that R,s obtained from CPMG may be meaningless when ||w|| > 0.1yB;
[51].

proach has been proved intractable. In this subsection, we simulate
how variations of these parameters effect R, estimates. The results
from simulated experiments, even with parameter variations,
agree with the results from the previous subsection.

The parameters for the simulated experiments are the same as
the real experiments with R, = 10.5 s~!. From an initial magnetiza-
tion of [1,0,0,1]", the intensity was computed using 20-digit preci-
sion in Maple, and estimates calculated as above.

In real experiments, the offset may not be exact as we expect
due to the unstable By field. The simulation shows that even
—2 Hz error of the offset may result in ~10% error of measure-
ments of R,. This simulation tells us that the stable By field is
important for accurately measuring R, and the inhomogeneity of
the By field has a significant impact on the measurements of R;.

In experiments, the amplitude of pulses may be mis-calibrated,
but the simulation presents that the 2% error of the amplitude of
the echo pulse only cause ~1% maximum errors in R, when using
the phase cycling scheme to acquire the data. These experiments
are less sensitive to B; inhomogeneity.

The fitting models require an a prior estimate of R; to estimate
R,, but the simulations show that the errors in R, caused by errors
in R; are very small, and can be ignored. There are two explana-
tions for this phenomena, one is that the phase cycling eliminates
the effect of the z magnetization to the transverse magnetization,
another is that we assume the amplitude of the pulse is much big-
ger than the relaxation rates.

6. Conclusion

In this paper, the general symbolic solution of the Bloch equa-
tions is given by the Lagrange form and the explicit solution in
the case Ry =R, is displayed. Two methods of approximating the
solution of the Bloch equations are explained, and error analysis
indicates that the methods with the effective rf field (Model 3
and Model 4) are good approximations which have simple expres-
sions. The phase cycling {¢, ¢ + 7} of rectangular pulses will elimi-
nate the effect of the z magnetization on the transverse
magnetization during the pulses, this will minimize the errors in
measured R; and R,. And this phase cycling scheme also can be ex-
tended to the CPMG experiments to minimize the cumulative er-
rors of measurements of R, due to pulse imperfections.

We have applied the solutions of the Bloch equations to com-
pute the Hahn echo experiments. With these calculations, models
which can exactly describe the experiments have been developed
to measure R, using more sophisticated mathematical models. Val-
idation against both numerical simulation and actual experiment
show that accurate R, estimates for ||w|| < 0.5yB; can be obtained
by using maximum likelihood estimates based on an exact alge-
braic solution of the Bloch equations. If the magnet field By inho-
mogeneity is added to the models, it is possible to improve the
accuracy of the estimates by 10%. More accurate descriptions of
the By inhomogeneity may result in further improvements. We also
find that the estimates are insensitive to errors in the a priori R;
values and B; inhomogeneity. These models also eliminate the de-
lay dependence discussed in [51,52], allowing delay times shorter
than the pulse duration.

In the future, the exact solution of the Bloch equations can be
similarly applied to describe arbitrary spin-} experiments. For
example, it is easy to extend the models of Hahn echo experiments
to CPMG experiments recursively. From the point of view of
numerical efficiency, it is better to solve constrained problems
including subexpressions describing physically meaningful quanti-
ties as auxiliary variables, than to eliminate these variables and
solve unconstrained problems with fewer variables. We will apply
the solution of the Bloch equations and the more general
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expansion formula (see Eq. (A.3)) of the projection operator for-
malism [4] to investigate the CPMG experiments and resulting R,
estimates, we also will apply the Lagrange form to deal with larger
systems with the Liouville space method.
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Appendix A. Theorems

The following theorem which was proved in [37] is applied to
calculate the explicit solution of e?",

Theorem Appendix 6.1. If A is an n x n matrix with n distinct
eigenvalues Aq,/3,...,2n, then we have

n
et = e Li(A) (A1)
k=1
where the Li(A) are Lagrange interpolation coefficients given by
o A- A4l
L(A) = : (A2)
j_:[j[#k k=4
fork=1,2,...,n.

Lowdin has illustrated a more general expansion formula

fA) =Y f(a)Lc(A) (A3)
k

for any polynomial function f of A and discussed properties of pro-
jectors Li(A) [4]. This general formula can be applied to calculate ex-
act solutions of CPMG experiments.

The following inequality which was proved in [49] gives the
boundary for the approximation of e** when applying the sec-
ond-order split method,

Theorem Appendix 6.2. For any operators X and Y in a Banach
algebra,

[| "XV — el/2XeMYl2X || < A, (71X, 2Y), (A4)
where A,(/X,2Y) is defined as,

(7%, AY) = 45 (AX, 2Y )exp([|2X|| + [|2Y]]) (A.5)

A,(X,7Y) = 1l2 {H (12X, 1Y), 2Y]| +% /X, Y], mn} (A6)

Appendix B. Solution of the free evolution

In the Bloch equations, when b; = 0 which represents the free
evolution decay, the eigenvalues of the matrix A have simple
expressions,

R
—R, +iw
—R, —iw

0

MA(by = 0)) = (B.1)

where A(A(b; =0)) stands for the eigenvalues of the matrix A of
b; = 0. The solution of e?’ of b; = 0 which can be simplified by Eq.
(14) or computed by the calssical method is

e ® cos(tw) —-e™®sin(tw) O 0
| e®sin(tw) e ®cos(tw) 0 0

EXp(Agp) = 0 0 e R R 4 q
0 0 0 1

(B.2)

Appendix C. The solution of the case R, =R,

When R; is equal to R,, eigenvalues of the matrix A have tidy
expressions,

—R,

—Ry +i\/w? + b?
’ : ()
—-R, —i\/(l)z -‘rb?

0

HAR, = Ry)) =

then, e*'L; (A), e*2'L,(A) + e'L3(A), and e*'Ly(A) will be simplified
as

b(cos(9)®  bisin(¢)cos(¢) whycos(¢) _ wby cos(g)
02+b? 2 +b? 2 +b? 2 +b?
) bisin(¢)cos(p)  bi(sin())? wbysin(g) _ wb;sin(g)
e []_4 (A) —e R @2 +b? 2 +b? 2 +b? 2 +b?
wby cos($) wby sin(¢) W? W
»2+b? w2+b? »2+b? w2+b?

0 0 0 0

(C.2a)

(€L (A) + e*'Ls(A)) = [V1 V2 V3 Va] (C.2b)

0 by (wcos(¢)+sin(¢)Ry)
R +w? b3

0 by (wsin(¢)—cos(¢)Ry)
R2+w?+b]

o O
o o

e™iL, (A) = (C.2¢0)
0 »*+R2
R +w? b3

0 1

o o
o

and
e %2 (—bi b7 cos(9)~?) cos (1/0? b}

2 +b?
_ b? sin(¢) cos(¢)eR2 cos (t\/w2+b%) n sin (t\/w2 +bf)we’m2
\ 02+b? Nz

by cos(¢p)e ™2 cos (t\/wZer%) sin (t\/ w2+b%>b1 sin(¢)e~R2

2 +b? Vorib?

0

(C3a)

[ _ b? sin(¢) cos(¢)e k2 cos (t\/w2+b%) _ sin (t\/w2+bf)we Ry ]
02+b? \/(02+b§
(u)z+bf(cos((/>))2)e’m2 cos (t\/ wz+b%)
Va2 = 2 +b?
wby sin(¢)e 2 cos (r\/wz +bf) sin (t\/ 012+b%)b1 cos(¢)e Rz
_ . +
@2-+by Vw2 4b?

0

(C.3b)

[ B b cos(¢p)e 2 cos (t\/wZerf) i sin (t\/u)Zer%)bl sin(p)e k2 |
@2+by V0?2 +b%
_wby sin(¢)e 2 cos (t\/wz +bf) __sin (t\/mz+bf)b1 cos(¢p)e 2
e 2 +b} Va2 yb?
b2e ™2 cos (t«/mﬂbf)
ru2+b%

0

(C.3¢)
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Vg1 + Va2
V43 + Usq
Vg = e’sz b%R% cos (tm) b%Rz sin (tm) (C3d)
- (w2457 ) (RB+w2+b7) Va2 ib? (R3+02+b7)
0
with
Roby (sin(d;)(w2 +b) - cos(qb)Rz) cos (t\/wZ + bf)
Vag = —
(wz + bf) (R§ +w? + bf)
(C4a)
Ryb; (y/wz +bf sin(¢)R; + wcos(q&)\/a)2 + bf) sin (t\/w2 + bf)
Var=— 2\ [ p2 2
(wz +b1> (R2 +w? +b1)
(C.4b)
Ryb; (f cos(¢) (a)z - bf) —w sin(d))Rz) cos (t\/wz + bf)
Vs3 = —
(a)z + bf) <R§ +w? + bf)
(C.4c)
Ry b, (—«/wz + bf cos(¢p)Ry + wsin(¢)\/w2 +bf) sin <t\/w2 +bf)
v, —_
4‘4 (wz + bf) (R§ +w?+ bf)
(C.4d)

The phase cycling scheme {¢, ¢ + ©t} of pulses makes the solution of
the Bloch equations of R; = R, to be simple which is shown in the
following expression:

eths 4 etoin Eyy Ex 0 O

2 |0 0 E;3 Eu (€3)
0 0 0 1
and
) b3 (cos($))> (lfcos (t\/bera)Z)) \/27
Ej=efe! +cos (t b +w2>
! b} +w? !
(C.6a)
b? sin(¢) cos () (1 —cos (t‘/bf + w2>> sin <t\/bf + w2> o}
E., —e Rt _
=€ b} +w? /b? + 2
(C.6b)
b? sin(¢) cos(p) <1 —cos <t\/b? + w2>> sin <t\/bf + cu2> w
Ey=e Rt +
z b+ w? /b 4 o2
(C.6¢)
e Ret (bf(sin(d)))2 + cos (t\/bf + wz) (co2 +b2 (cos(¢))2)>
Ery =
22 b? N wz
(C.6d)

e Rat <w2 + cos <t\/bf + aﬂ) b?)

E33 = 5 (CGE)
b} + w?
Es4 = % (C.6f)
34,2
with

Esa: :{ Ksin (t\/aﬂ +bf> \/@?+b3R;, —R2cos (t\/w2 +bf> —wz)

x e R 2 +R§} b} + (—w“ 7R§a)2>e’m2 +w4+R§w2}

(C.73)

E3qn = {(602 + b%) (R§ +w? + b%)} (C.7b)
The phase cycling schemes {0,7} and {%3F} even give simpler
expressions. The above equations show that the decay rate of the
transverse magnetization during a soft pulse is R,, but offsets will
affect the amplitude of the magnetizations.

Appendix D. Calculations of the Hahn echo
D.1. The exact solution with phase cycling of model 0

In this subsection, we will give the formula to compute the
transverse magnetization with intermediate variables for the Hahn
echo with a phase cycle scheme. With these intermediate vari-
ables, a constrained optimization problem can be configured to
fit the measurement of the transverse relaxation rate.

The effective matrix (EXp(Aro02)) of a pulse with phases 0 and ©
can be written as

crieht +dyje2  cpehh 4 dppe 00
Corehte - dyet2le ettt 4 dyper 0 0
EXp(Acooz) — 21 + dx 22 + dz
0 0 X X
0 0 0 1
(D.1)

where xs which are non-zero are not displayed because they are
not used in the next computation, i1, C12, C21, C22, d11, d12, d21, d22
are corresponding to coefficients of entries with respect to exp(41t;)
and exp(uxtp),

—3w?R; — 202Uy + R} + 2R5u; + Ry + Ry}

11 =— D.2a
! 01 (2 = 2y + 12 +122) (b.-22)
4wRyuy + wu? + o2 + 30R: — w3 — wb?
1y = AORatly 1+ O + U5 + 3OR, — i (D.2b)
M (/11 —2qUy + u; + u3)
Cy1 = —C12 (D2C)
c ~ (2up+Ry +2Ry)bT + 3Ry +2u2)? — R} — 2R3z + (—u3 — u3) R,
22 i1 (2= 20Uy +12 +u2)
(D.2d)
d]] = {{UZ <—/11R2 + (DZ —R%) (—311% +u§
+Ry (U2 —ud) (3@2 -R: +/1f) + Al ((R§ - wz)zl
+R, (R% 73w2))}sin(u3tp) +{((3us/ — 6u3uz)R,
+u3i? = 3udus + 1) ? + (—ushy +2usz)R;
+ (~us23 +3udus — 3RS + (—2us23u, + (3udus —ud) )R, }
X COS (u3tp)}/{u3 (U2 +ul) (().1 —u,)? +u§)} (D.2e)
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dyy = {{w((—/lluz —ud 1) (wz +b2 - 3R§)
+2WR, (33 — uZ + 27) + 3 (3uy — A1)
+ u3(2q — uy)) } sin(usty)
+ {fu3w<(co2 +b? - 3R§)(2u2 — 1)
+ 2Ry (13 - 3ud + 23) + 41 (U3 + 244u; — 3u3)) }
X COS (U3tp)}/{U3 (13 +u2) ((/11 —up)’ + ug)}
(D.2f)

dyy = —dpp (D.2g)

dyy = {{((2u5 — 2u3 — 2/4u2) Ry + (—Ry — 3uz)u3 + 13 + Ry u3
+ (=22 = Ri)u2)bs + ((—341uz + 313 — 3ud)R, + U3
— 72Uy — 313U ) % + (—13 + Jq Uy + U2)R)
+ (=13 + 25Uz + 3132 )RS + (B up — A7) U3 + 2ju3 — )qu%)Rz}
x sin(Usty) +us{ ((—4ta +271)Ry + 3 + 23 + Ry Jy
—3u2 — 2Ryuz) b} + (321 — 6Uz)Ry + 12 — 312 + 2)
+ (2u2 — R+ (—u — 72 + 3u2)R2
+ (32u3 = 273Uy — u31)Ry }
X COS (u3tp)}/{u3 (u3 +u2) ((M —uy)?+ u%)}

Then according to Eqgs. (25), (B.2) and (D.1), the transverse magne-
tizations are

(D.2h)

MX_}' = {— (sze"’ t + dzz@uth) (Sin(fj(l)))z + (2(’12621% —+ 2due”2tp)

X €OS (f,-a)) sin(tjm) + (c11eM1'% +dy et2') (cos(r,a)))z}e*Zszf

(D.3a)
M,; = {(Clze}vﬁp + d]zeuztp)(sin(fja)))z + (C]1e21tp +dyq et
+ C22€"1"% + dyet2%) cos(Tjw) sin(T;w)
+ <cos(rjw))2(—c12e’-1fv _ d]ze”zfp)}e*Zsz: (D.3b)

where 7; is the jth delay time of a series of Hahn echo experiments.
D.2. The solutions of model 2

This subsection displays expressions of the transverse magneti-
zation which are approximated by Model 2 with different phases.

The transverse magnetizations after the pulse sequence 5, -1
gix - tp - %ix —T—are

M,; = e ik (e*tPRZ (cos(Tjm))® cos(t,w) + e R (sin(rja)))z)

(D.4a)
M,; = e 25R2 cos(t;m) sin(tjm) (e 7R cos(t,w) — e #R) (D.4b)
The transverse magnetizations after the pulse sequence

g s
T-% —t,—% —1—are

 _
2y
M,; = — e 9% (—e (5% (cos(Tjm))? cos(t,m)

— e WRbRi (sin(t;m))? + cos(tjm)e R sin(t,w) (e IR — 1)

+ sin(tjw)(~1 4 e~k)) (D.5a)
M, ; = —e %R (cos(t;w) sin(Tjm)e R (—e~7R2 cos(t,w)

+ e~R1) 1 sin(tjw) sin(t,w)e R (e — 1)

+ cos(Tjw) (1 — e i) (D.5b)

The transverse magnetizations after the
g
T3, —tp—5, — 1 are

pulse sequence

T o_ 4
2y 2y
M,; = e R (—e~(G+0)R cos(t,w)(sin(Tjm))?

— e TR (cos(Tjm))? + sin(tjm) sin(t,w)e PR (e 5 — 1)

+ cos(Tjw)(1 — e tRry) (D.6a)
M,; = —e~%%2(cos(t;m) sin(tjw)e 5R (—e~R2 cos(t,w)

+ e~y 1 cos(tjm)e "R sin(t,w)(e75h — 1)

+sin(fo)(—1 + e k) (D.6b)

The fitting models of using Model 2 approximation for different
phases and the phase cycling can be obtained by replacing M,;
and M, into the optimization problem (28).

D.3. The solutions of model 3

The effective matrix of Model 3 is calculated by
EXP(Ar) = EXP(ARelax3) - EXP(Ar3) - EXP(ARelax3) (D.7)
where EXp(Agelax3) represents the relax matrix of on-resonance, Ex-

p(A3) represents the general effective matrix of the pulse without
the relaxation,

ek 0 0
0 ek @ 0
EXp(ARelax3) = 0 0 e 12681 _a-1/26R, 1
0 0 0 1
(D.8)
P Py Py 0
P21 PZZ P23 0
Exp(As) = D.9
PR = b, Py Py 0 9
0 0 0 1

where P11, P12, P13, P21, P22, P23, P3q, P33, P33 are elements of the ma-
trix EXp(Ays).

Thus, the general expressions of the transverse magnetization
computed by Model 3 approximation are

M, = e~ 1/2R@%th) (e=1/2R2T+) cos(T;) (cOS(Tj) Py
+ Sin(TjCL))(Pu — P21))
+ —e V2RCyt6)p,, (sin(Tjm))* + cos(Tjw)Py3

— Sin(Tjm)Py3 + e~ 1/2R@TH) (— cos(Tjm)Pr3

+ sin(7jw)Py3)) (D.10a)
My_j _ e71/2R2<2rj+rp)(e71/2R2(21j+rp)(COS(Tiw)(sin(fjw)(p“

+ Pp) + €0OS(Tj0)Pa1) + Pria(sin(tjm))?)

+ e 12R25H) (— sin(Ti)Py3 — €OS(Tjw)P23)

+ sin(tjw)Ps3 + cos(Tjw)Py3) (D.10b)

The specific expressions for different phases of the echo pulse or the
phase cycling can be obtained by substituting the matrix EXp(A3)
which are demonstrated in the following.

The effective matrix of the pulse with the phase scheme of
phases {0, 7} when the relaxation is ignored is
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b3+ cos (\/bfﬂuztp) wsin( bf+m2tp) 0 0
b% +w? - \/m
wsin(\/bfﬂuztp) 2 5
Exp(Amsns)— | Vi cos | /by +w?t, 0 0
0 0 ?+b? cos (\/b§+o)2[p) 0
b2
0 0 0 1
(D11)

which can be directly computed by setting Ry,R, to be 0 in the ma-
trix A. Subsitituting Exp(A,3) with EXp(A,302), the transverse mag-
netizations for this approximation are

. 2 2 i .
wsin (\/b1+w tp) sin(27;w) b2 (cos(tj))?

Myj=| -

/b% + w2 b% + wz
(w?cos(2T;m) — b3 (sin(T;w))?) cos <\ /b? +? tp>
4 e-Ra27j4tp)
b3 + w2
(D.12a)
(2w2 + b?) cos (w/bf + a)ztp> 2
M,y;=|1/2 - +——— | sin(27;w)
by + w? by +w?
wcos(2T;w)sin (\/b? + wzt,,)
4 e—RZ(ZTj+tp) (D]Zb)

Vbt +w?

The expressions of the transverse magnetization (Eq. (D.12)) are
much simpler than the full solution of the Bloch equations, and they
provide good performance when ||w|| < yB; or Ry ~ R,. This tells us
that when ||| < yBj, the transverse decay rate during a soft echo
pulse is approximate to the true R,, but the major factor which re-
sults in errors of the measurement of R, is from offsets which affect
the amplitude of the exponential decay. The fitting optimization
problem constructed by Eq. (D.12) does not rely on the value of
R,, which means that it is not necessary to obtain the value of R, be-
fore fitting R, if the phase cycling is applied.

The effective matrix of the soft echo pulse when it is along with
the x axis and the relaxation is ignored is

bfvalzcos(m[p) wsin(\/mtp) blm(cos(\/b_m[p)fl) 0
b2 2 \/m b2 2
wsin (/b2 +02t, 2 sin \/mrp by
EXp(Arz0) = % C°S(V bl*“’zt") ‘% 0
bw)(cos(\/mtp)—l) sin(\/lﬁ-—witp)b1 wZ-bfcos(\/b%Jr—wz‘[p) 0
b2 +? \/W b2 +c?
0 0 0 1

(D.13)

The effective matrix of the pulse with the phase Z when the relaxa-
tion is ignored is

wsin( bi +wztp)

5 2
cos | /by +w?t -
S( 10 P) bf+(uz

sin(\/bfwﬂt,,)bl 0
Vb o2

msin(\/bfwuzrp) b? +0? cos (\/bera;Z[p) by m(cos (‘ /b%,wz[p),l) 0

EXP(A,B] ) = Vb +? b2 +a? b2 +a2?
sin(ViTrot)b byo(cos (vbrart,)-1)  w?+bicos(y/brart,) o

Vbi+w? b7 +0? b7 +?
0 0 0 1

(D.14)

Respectively substituting EXp(A,3) with EXp(A;30) and EXp(A,31)
into Eq. (D.7), the magnetization before the acquisition for phases
0 and 7/2 of the echo pulse can be achieved. Clearly, if @ is not

equal to 0, the entries P;3 and P,3 will not be zero in these two cases,
this means that the z magnetization will affect the transverse mag-
netization. Thus, the fitting models constructed for these phases re-
quire that R; is known.

D.4. The solutions of model 4

The effective matrix of Model 4 is calculated by
EXp(A;) = EXp(Ar4) . EXP(ARgelaxa) EXP(Ara)

where EXp(Ax4) is obtained by substituting t, of Egs. (D.11), (D.13)
or (D.14) with t,/2, and EXp(Agelax4) is obtained by substituting ¢, of
Eq. (D.8) with 2t, then the transverse magnetization for this
approximation of Model 4 with respect to the phase cycling, phase
0 and 7/2 is calculated by Eq. (25) (results are not shown).

(D.15)
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